Abstract. Let N be a natural number greater than 1. Select N uniformly distributed points
order n possessing the least quadratic deviation from the function f with respect to the system {t k } N −1 k=0 . In other words, the minimum of the sums N −1 k=0 |f (t k ) − T n (t k )| 2 on the set of trigonometric polynomials T n of order n is attained when T n = L n,N (f ). In particular, L N/2 ,N (f, t k ) = = f (t k ). It is easy to show (see [12] ) that for n < N/2 the polynomial L n,N (f, x) can be represented as 
where
To read more about function approximation by trigonometric polynomials see [1, 3, 5, 6] , [8] - [11] , [13] . In this article we obtain estimations for |L n,N (f 1 , x)−f 1 (x)| and |L n,N (f 2 , x)−f 2 (x)| as n, N → ∞, where f 1 (x) = = |x|, f 2 (x) = sign x, x ∈ [−π, π]. The following theorems are proved: Theorem 1. Let f 1 (x) = |x|, x ∈ [−π, π] and n ≤ N/2 . The following estimations hold:
|L n,N (f 1 , x) − f 1 (x)| ≤ c(ε)/n 2 , x ∈ ∆ I (ε).
Theorem 2. Let f 2 (x) = sign x, x ∈ [−π, π] and n ≤ N/2 . The following estimation holds:
|L n,N (f, x) − f (x)| ≤ c(ε)/n, x ∈ ∆ I (ε).
We begin with some notation. Denote by
the Fourier coefficients of a function f , and by
the Fourier series of a function f and its partial sum of order n, respectively. Denote by ∆ I (ε) the set [−π +ε, −ε]∪[ε, π −ε], where 0 < ε < π/2. By c and c(ε) we denote some positive constants that depend only on specified parameters; these constants may be different in different places.
Lemma 1. [12]
If the Fourier series of f converges at the points t k = = u + 2kπ/N , then the representation
holds true when 2n < N .
The following estimation follows from this lemma:
Let us consider the case 2n = N . From (1) and (4)
From (4) and (5) we can see that estimation of the values 2. Estimations for
, we have the following estimations:
Proof. 
From the above we can obtain estimation (6) (using the fact that |cos(2k − 1)x| ≤ 1). Also, if we apply the Abel transformation to the above equation, we get (7).
we have the following estimation:
The proof of this lemma is obtained in [7] .
3. An estimation for R n,N (f 1 , x).
The following lemma takes place.
Lemma 4. For R n,N (f 1 , x), n < N/2 the following estimations hold:
Note that the estimation for remainder (3) for the function f 1 has the following form:
From above we have
Lemma 5. The value R 1 n,N (f 1 , x) has the following estimation:
Proof. Using the formula cos(µN u − µN t) = cos µN u cos µN t + sin µN u sin µN t
we can rewrite (9) as follows:
Then we calculate the integral using the previous equation:
From these equations we get
It is known that
So, using (12) we obtain
Before proving Lemma 6, we prove another one:
The following estimations take place:
Proof. After some simple transforms we obtain the following:
Likewise, obtain
Now the proof is complete.
Proof. (Lemma 6) From (11) and cos k(x − t) = cos kx cos kt + sin kx sin kt (13) (10) can be rewritten as follows:
cos kx π 0 t cos kt cos µN tdt+
sin kx π 0 t sin kt sin µN tdt.
From above and the formulas cos kt cos µN t = 1/2 (cos (µN − k) t + cos (µN + k) t) ,
we can obtain
After calculating the integrals, we have
We can rewrite this as follows:
Lemma 8. The value R 2 n,N (f 1 , x) has the following estimation for x ∈ ∈ ∆ I (ε) :
Proof. To prove this lemma, we use (14). It is easy to show that for even N
And, therefore
Consider the values A 
From this we get the following estimation:
Using Lemma 7, we can rewrite the obtained estimation:
Using the similar approach, we get an estimation for B µ,N n (x) :
Using (15), (16), and (17) we can write
If N is odd, then we can rewrite (14) as follows:
cos 2kx 1
sin 2kx 1
Using the Abel transformation, we can easily obtain these estimations:
From this we have
From (18) and (19) we have (for every N ≥ 2)
4. An estimation for a (2n) n (f 1 ). When 2n = N from (2) we have the following:
Subtract π n from u to get (provided that f is 2π periodic function)
Therefore, if we subtract or add πl n from u, we get
In other words, adding πl n (l ∈ Z) to u does not change the value of a Lemma 9. The following estimation takes place:
Proof. It is easy to show that
Get the following estimation:
5. An estimation for R n,N (f 2 , x). We prove the following lemma.
Lemma 10. The following takes place:
To prove this lemma we estimate |R n,N (f 1 , x)| as follows:
First we prove the following lemmas:
Lemma 11. The following takes place:
Proof. Using (11) for (22) we have
(cos µN u cos µN t + sin µN u sin µN t) sign tdt = = 1 π 
is monotone, and m = 0, 1. Then
Proof. Assume that α k > α k+1 . After applying the Abel transformation we get
From the above equation and Lemma 7 we have
the sequence α k is monotone, and m = 0, 1. Then
The proof of this lemma is analogous to the proof of Lemma 12.
Lemma 14. 
Proof. From (11) and (13) Using the formula sin α cos β = 
We estimate values R (
We can rewrite it as follows:
Now we have
Also, from Lemma 7
Using the above estimations we can write
To estimate the value
make some transformations: 
From the obtained estimations (25) and (26), and the inequalities n ≤ N/2 and |sin ε| ≤ |sin x| for x ∈ ∆ I (ε), we have (23).
From (21) and Lemmas 11 and 15 we have |R n,N (f 2 , x)| ≤ 1 n (c + c(ε)) = c(ε) n , x ∈ ∆ I (ε).
So, Lemma 10 is proved.
6. An estimation for a (2n) n (f 2 ). We prove a lemma:
Theorem 1 is proved. Using the same technique, inequalities (4) and (5), and Lemmas 3, 10 and 16, we get |L n,N (f, x) − f (x)| ≤ c(ε)/n, x ∈ ∆ I (ε).
So, theorem 2 is also proved.
